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Abstract
In this paper, the generalized Bloch Conjecture on zero cycles for the quotient
of certain complete intersections with trivial canonical bundle is proved to hold.
As an application of Bloch-Srinivas method on the decomposition of the diagonal,
we compute the rational coefficient Lawson homology for 1-cycles and codimension
two cycles for these quotient varieties. The (Generalized) Hodge Conjecture is
proved to hold for codimension two cycles (and hence also for 2-cycles) on these
quotient varieties.
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1 Introduction
In this paper, all varieties are defined over C. For a projective variety X , denote by
Zp(X) the spaces of algebraic p-cycles and Chp(X) the Chow group of p-cycles on X ,
i.e, Chp(X) = Zp(X)/{rational equivalence}. Let clp : Chp(X) → H2p(X,Z) be the
cycle class map. Tensoring with Q, we have clp ⊗ Q : Chp(X) ⊗ Q → H2p(X,Q). Let
Chp(X)hom ⊂ Chp(X) be the subgroup of p-cycles homologous to zero. Set Ch
q(X) :=
Chn−q(X).
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In 1968, D. Mumford showed that Ch0(X)hom is not finite dimensional for a smooth
projective surface X with non-vanishing geometric genus pg(X) (cf. [M]). This result was
generalized by Ro˘ıtman to arbitrary dimension (cf. [R]). In this situation, a nontrivial
conjecture of Bloch asserts that if a smooth projective surface X with pg(X) = 0, then
Ch0(X)hom is finite dimensional ([B1]). Equivalently, if pg(X) = 0, then there is a curve
C ⊂ X such that the natural map Ch0(C)→ Ch0(X) is surjective.
This conjecture can be generalized as follows (cf. [PV]):
Conjecture 1.1 (Generalized Bloch Conjecture) Let X be a smooth projective va-
riety satisfying H i,0(X) = 0 for all i > r. Then there is a subvariety i : Z →֒ X, where
dimZ = r, such that i∗ : Ch0(Z)→ Ch0(X) is surjective.
Some examples are known in support of these conjectures. For example, Bloch’s
conjecture is true for surfaces which are not of general type [BKL]. This conjecture also
holds for some surfaces of general type which are quotients of some special surfaces by
a free finite group action (cf. [IM], [Vs]). In higher dimensional case, it was proved by
Ro˘ıtman [R] that Ch0(X) ∼= Z for smooth projective complete intersection withH i,0(X) =
0 for all i > 0. In [BS], it was proved by Bloch and Srinivas that the Generalized Bloch
Conjecture holds for Kummer varieties of odd dimensions.
In this paper, the Generalized Bloch Conjecture is proved to hold for quotients of
certain even dimensional complete intersection with trivial canonical bundle by a free
involution and for the resolution of singularities to the quotients of certain odd dimensional
complete intersection with trivial canonical bundle by an involution with isolated fixed
points. Based on these results, we compute the rational Lawson homology and verify the
Generalized Hodge Conjecture on 1-cycles and codimension-2 cycles for these varieties.
I would like to express my gratitude to Michael Artin for helpful discussion and sug-
gestion during the preparation of this paper.
2 Main results
Now let Xn ⊂ P2n+1 be the complete intersection of quadrics
Qi(z0, z1 · · · , zn) +Q
′
i(zn+1, zn+2 · · · , z2n+1) = 0, i = 0, 1, · · · , n,
where Qi and Q
′
i are quadratic forms in n+ 1 variables. For our propose, we assume
Qi(z0, z1 · · · , zn) =
n∑
j=0
aijz
2
j (1)
for i = 0, 1, · · · , n. We also assume that Xn is smooth, which holds for the generic
choice of Q′i and the choice of aij, i, j = 0, 1, · · · , n such that det(aij) 6= 0. From the
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direct calculation we know Xn is a Calabi-Yau n-fold, i.e., KXn is trivial and hence
hn,0(Xn) := dimHn,0(Xn) = 1.
For n = 2m a positive even integer, we define an involution of P2n+1 by
σ : (z0 : z1 : · · · : z2n+1) 7→ (−z0 : −z1 : · · · : −zn, zn+1, · · · , z2n+1) (2)
which takes Xn to itself. The quotient Y n = Xn/〈σ〉 is a smooth projective variety with
H i,0(Y n) = 0 for all i ≥ 1 for n = 2m even (cf. Lemma 3.2). Denote by π : Xn → Y n the
projection.
Our first main result is following theorem.
Theorem 2.1 Let n be a positive even integer. The Generalized Bloch Conjecture holds
for Y n, i.e., for the projective variety Y n = Xn/〈σ〉 above, we have Ch0(Y
n) = Z.
If n = 2m− 1 is a positive odd integer, then we define another involution of P2n+1 by
ρ : (z0 : z1 : · · · : z2n+1) 7→ (z0 : −z1 : · · · : −zn, zn+1, · · · , z2n+1) (3)
which takes Xn to itself. The involution ρ has 22m isolated fixed points. Hence the
quotient Y 2m−1 = X2m−1/〈ρ〉 is a projective variety with 22m isolated singular points,
denote by qi, i = 1, 2, · · · , 2
2m. Denote also by π : X2m−1 → Y 2m−1 the projection. Each
singular point is a cyclic quotient singular point. Let Y˜ 2m−1 → Y 2m−1 be a resolution
of singularity, then the exceptional divisor Ei at each singular point qi has only normal
crossings in Y˜ 2m−1 and every irreducible component of Ei is nonsingular and rational
[Fuj].
Our second main result is the following theorem.
Theorem 2.2 Let n = 2m−1 be a positive odd integer. The Generalized Bloch Conjecture
holds for Y˜ n, i.e., for Y˜ n above, we have Ch0(Y˜ 2m−1) ∼= Z. Moreover, Ch0(Y 2m−1) ∼= Z.
The application of the main results on algebraic cycles and Lawson homology is given
in section 4.
3 The proof of main theorems
Lemma 3.1 For the generic choice of Q′i and the choice of aij , i, j = 0, 1, · · · , n such that
the determinant det(aij) of the matrix (aij) is nonzero, then X
n is a smooth projective
variety of dimension n.
Proof. It follows from the definition of smoothness of projective variety. Note that
det(aij) 6= 0 implies that there is no common solution for the system of equations by
Qi = 0 and those of partial derivatives. Similarly for the generic choice of Q
′
i, there is no
common solution for the system of equations Q′i, i = 1, 2, · · · , n+ 1. ✷
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Lemma 3.2 For n = 2m a positive even integer, the quotient Y n = Xn/〈σ〉 by the
involution σ : Xn → Xn is a smooth projective variety. Moreover, H i,0(Y n) = 0 for all
i > 0.
Proof. The involution σ : Xn → Xn is induced by the involution of P2n+1 defined by
σ : (z0 : z1 : · · · : z2n+1) 7→ (−z0 : −z1 : · · · : −zn, zn+1, · · · , z2n+1). By the assumption,
the fixed point set of σ : P2n+1 → P2n+1 and Xn have no intersection since the system of
equations Qi = 0, i = 0, 1, · · · , n has no common solution in Pn by the assumption that
det(aij) 6= 0. Similarly for a generic choice of Q
′
i, i = 0, 1, · · · , n. Therefore, σ : P
2n+1 →
P2n+1 induces a fixed point free involution on X and hence the quotient Y n = Xn/〈σ〉
is a smooth projective variety. Note that H i,0(Y n) = 0 for i > n for the reason of
dimension. For i < n, dimH i,0(Y n) ≤ dimH i,0(Xn) and the latter is zero by Lefschetz
hyperplane Theorem. For i = n, we have 2 = χ(OXn) = 2χ(OY n) = 2(1−dimH
1,0(Xn)+
· · ·+ (−1)n dimHn,0(Y n)) = 2(1 + dimHn,0(Y n)), where the second equality holds since
Xn → Y n is a e´tale morphism (cf. Example 18.3.9 in [Ful]) and the last equality holds
since n is an even integer and so dimHn,0(Y n) = 0. ✷
Remark 3.3 Since H i,0(Y n) = 0 for all i > 0, the Generalized Bloch Conjecture implies
Ch0(Y
n)⊗Q = Q. The statement in Theorem 2.1 is slightly stronger than this.
A well-known result is needed in our computation.
Lemma 3.4 Suppose a finite group G acts on a variety X with nonsingular quotient vari-
ety Y = X/G. Let π : X → Y be the quotient map. Then there exist two homomorphisms
π∗ : Ch0(X)hom → Ch0(Y )hom and π
∗ : Ch0(Y )hom → Ch0(X)hom such that{
π∗π∗ =
∑
g∈G g∗
π∗π
∗ = N
(4)
where N = |G| means the multiplication by N in Ch0(X)hom. In particular, Ch0(Y )hom =
0 if and only if
∑
g∈G g∗ = 0 in End(Ch0(Y )hom).
Proof. See, e.g. [IM], Lemma 1 and Lemma 2, where X is a surface. The point is that
both π∗ and π
∗ are well-defined. The proof works in higher dimensional case and the case
that Y is singular (cf. [Ful]).
✷
Now we can apply Lemma 3.4 to the quotient map π : Xn → Y n. Let π∗ : Ch0(X
n)→
Ch0(Y
n) be the push forward map and let π∗ : Ch0(Y
n) → Ch0(X
n) be the pull back.
Then we have
π∗π
∗ = 2 : Ch0(Y )hom → Ch0(Y )hom
and
π∗π∗ = σ∗ + 1 : Ch0(X)hom → Ch0(X)hom
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Since Ch0(Y
n)hom is divisible (cf. [B2], [R]), it suffices to show
2Ch0(Y )hom = π∗π
∗Ch0(Y )hom = 0.
Since π∗ is surjective, it suffices to show π
∗π∗ : Ch0(X
n)hom → Ch0(X
n)hom is the zero
map. That is, we need to show that σ∗ = −1 : Ch0(X
n)hom → Ch0(X
n)hom.
Therefore, Theorem 2.1 follows from the following proposition.
Proposition 3.5 Let σ : Xn → Xn be induced by the involution in Equation (2). Then
σ∗ = −1 : Ch0(X
n)hom → Ch0(X
n)hom.
To prove this proposition, we need some auxiliary results. Let τi : X
n → Xn be the
automorphism of Xn induced by σi : P2n+1 → P2n+1, where
σi : (z0 : · · · : zi−1 : zi : zi+1 · · · : z2n+1) 7→ (z0 : · · · : zi−1 : −zi : zi+1 : · · · : z2n+1)
for i = 0, 1, · · · , n. Note that τi maps X
n to itself by the assumption of Qi. Then τi :
Xn → Xn induces a homomorphism on Chow group of 0-cycles τi∗ : Ch0(X
n)→ Ch0(X
n)
and so τi∗ : Ch0(X
n)hom → Ch0(X
n)hom. Then we have the following result.
Lemma 3.6 The homomorphism τi∗ = −1 : Ch0(X
n)hom → Ch0(X
n)hom for all i =
0, 1, · · · , n.
Proof. By the symmetry of t0, t1, · · · , tn, we only need to show the case for i = 0. From
the definition of Xn and the assumption that the matrix (aij) is non-degenerated, we
can make a linear transformation such that there is only one quadratic, say Q1 + Q
′
1,
depending on the variable t0. Then one can see that the function field of X
n/〈τ1〉 is
C(t1, t2, · · · , t2n, t2n+1)/〈Qi +Q
′
i = 0, i = 2, 3, · · · , n + 1〉.
Note that the variety Y0 ⊂ P2n defined by equations Qi + Q′i = 0, i = 2, 3, · · · , n + 1
is a smooth complete intersection. Since the sum of the degrees of the defining equations
of Y0 is
∑n
i=1 2 = 2n, Y0 is a smooth Fano variety. This implies Y0 is rationally connected
(cf. [C], [KMM]). Therefore, for any two generic points p1, p2 on Y0, there is a rational
curve C passing through p, q.
From the definition, the rational function field of Y0 is also
C(t1, t2, · · · , t2n, t2n+1)/〈Qi +Q
′
i = 0, i = 2, 3, · · · , n + 1〉.
So Y0 is birational equivalent to X
n/〈τ1〉. Hence, for any generic two points on X
n/〈τ1〉,
there also exists a curve passing through the two points, i.e., Xn/〈τ1〉 is a rationally
connected variety. So Ch0(X
n/〈τ1〉) ∼= Z and Ch0(Xn/〈τ1〉)hom = 0.
This together with Lemma 3.4 implies that τ1∗ + 1 = 0 ∈ End(Ch0(X
n))hom. This
completes the proof of the Lemma. ✷
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Note that from the definition we have σ = τ0◦τ1◦· · ·◦τn and so σ∗ = τ0∗◦τ1∗◦· · ·◦τn∗ =
(−1)n+1 = −1 since n = 2m is an even integer. This completes the proof of Proposition
3.5 and hence Theorem 2.1. ✷
In the following, we focus on the proof of Theorem 2.2. Note that n = 2m− 1 in the
below of this section.
Lemma 3.7 For the generic choice of Q′i and (aij), the variety Y
2m−1 = X2m−1/〈ρ〉 has
exact 22m isolated singular points.
Proof. Note that the set of singular points on Y 2m−1 is exact the set of fixed points of
the involution ρ : X2m−1 → X2m−1. This fixed points set is defined by equations
t1 = t2 = · · · = tn = 0 and Qi +Q
′
i = 0, i = 0, 1, · · · , n, (5)
i.e., the intersection of Pn+1 and Xn in P2n+1. Note that the degree of Xn is 2n+1 = 22m
and for a generic choice of Q′i, equation (5) has no solution of multiplicity bigger than 1.
✷
By Lemma 3.6, the map ρ : X2m−1 → X2m−1 induces the push forward map ρ∗ =
(−1)n = (−1)2m−1 = −1 : Ch0(X
2m−1)hom → Ch0(X
2m−1)hom. By Lemma 3.4, π
∗π∗ =
ρ∗ + 1 = 0 : Ch0(Y
2m−1)hom → Ch0(Y
2m−1)hom and Ch0(Y
2m−1)hom = 0.
Lemma 3.8 Let φ : Y˜ 2m−1 → Y 2m−1 be a resolution of singularity. Then Ch0(Y˜ 2m−1) ∼=
Z.
Proof. For each singular point qi ∈ Sing(Y
2m−1), i = 1, 2, · · · , 22m, the exceptional
divisor Ei = φ
−1(qi) has normal crossings in Y˜ 2m−1 and every irreducible component of
Ei is nonsingular and rational (cf. Corollary after Theorem 1 in [Fuj]). Since each singular
point in our case is a quotient singularity of type C2m−1/Z2, the exceptional divisor Ei
contains exactly one irreducible component, which is isomorphic to P2m−2 (cf. Remark
3.9).
Set E =
⋃22m
i=0 Ei. Since Ch0(Ei)hom = 0 and that Ei are mutually disjoint to each
other, we get Ch0(E)hom = 0. Set U = Y˜ 2m−1 − E ∼= Y
2m−1 −
⋃
22m
i=0 qi. Then the
isomorphism Ch0(Y˜ 2m−1) ∼= Z follows from the fact that Ch0(Y˜ 2m−1)hom = 0. This fact
can be seen from the commutative diagram of Chow groups
Ch0(E)hom //
∼=

Ch0(Y˜ 2m−1)hom
//
φ∗

Ch0(U)hom //
∼=

0
Ch0(
⋃22m
i=0 qi)hom
// Ch0(Y
2m−1)hom // Ch0(U)hom // 0.
✷
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Remark 3.9 Each singular point of Y 2m−1 is the quotient singularity of the same type
as that of C2m−1/Z2, where Z2 acts on C2m−1 as
(x1, x2, · · · , x2m−1)→ (−x1,−x2, · · · ,−x2m−1).
The singular point of Cn/Z2 can be resolved by one blow up with the exceptional divisor
E ∼= Pn−1.
To see this, we first note that all the Z2-invariant monomials of x1, x2, · · · , xn are
xixj, 1 ≤ i ≤ j ≤ n. This gives an embedding X := Cn/Z2 →֒ CN , where N = (
n+1
2 ) =
1
2
n(n+1). Let uij, 1 ≤ i ≤ j ≤ n be the coordinates of CN . Then Cn/Z2 is the locus of the
ideal generated by all 2 × 2 minors of the symmetric matrix (uij)1≤i,j≤n, where uij := uji
if i > j.
Let C˜N be the blow up of CN at the origin and let X˜ be the proper transform of
X = Cn/Z2. A direct calculation shows that X˜ is smooth. The explicit equations for
n = 3 will be given below while the general case is similar. The exceptional divisor E
of X˜ → X is just the quadric equation given by those 2 × 2 minors in PN−1, i.e, the
intersection of PN−1 and X˜. Note that E ⊂ PN−1 with the above defining equations is
exactly the image of the Plu¨cker embedding Pn−1 →֒ PN−1. Therefore, E ∼= Pn−1.
Now we write down the details for the case that n = 3. In this case N = (42) = 6. Let
C˜6 ⊂ C6(u1, · · · , u6)× P5[v1 : · · · : v6] be defined by uivj = ujvi, 1 ≤ i 6= j ≤ 6. Note that
X = C3/Z2 ⊂ C6 is defined by 

u1u2 = u
2
6,
u1u3 = u
2
5,
u2u3 = u
2
4.
Note that C˜6 is covered by affine open sets (vi 6= 0), i = 1, 2, · · · , 6. On the affine open
piece v1 6= 0, X˜ is defined by 

ui = u1vi, i = 2, 3, · · · , 6,
v2 = v
2
6 ,
v3 = v
2
5 ,
v2v3 = v
2
4.
It is easy to check by the definition of smoothness that this piece of X˜ is smooth.
Similarly for all other pieces of X˜. Therefore X˜ is smooth.
The exceptional divisor E is defined by the following equations:

ui = 0, i = 1, 2, · · · , 6,
v1v2 = v
2
6,
v2v3 = v
2
5,
v2v3 = v
2
4.
Hence E is isomorphic to the image of Plu¨cker embedding P2 →֒ P5 and therefore
E ∼= P2.
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4 Application to 1-cycles and codimension two cycles
In this section, we deduce a sequence of results on algebraic cycles and cohomology theories
for Y n as the application of the decomposition of the diagonal given by Bloch [B1], Bloch
and Srinivas [BS] and the generalization by many others.
First we consider the case that n = 2m is an even positive integer.
Corollary 4.1 Chp(Y 2m) is weakly representable for p ≤ 2.
Proof. It follows from Theorem 2.1 and Theorem 1 in [BS].
✷
The Hodge Conjecture for codimension p cycles(denote by Hodgeq,q(X)): The ra-
tional cycle class map
clq ⊗Q : Chq(X)⊗Q→ Hq,q(X) ∩H2q(X,Q)
is surjective.
More generally, let NpHk(X,Q) ⊂ Hk(X,Q) be the arithmetic filtration defined
by Grothendieck [G] and let F pHk(X,C) ⊂ Hk(X,C) be the Hodge filtration. Set
F pHk(X,Q) := F pHk(X,C) ∩ Hk(X,Q) and denote by F˜ pHk(X,Q) the maximal sub-
Hodge structure in F pHk(X,Q). It was shown in [G] that NpHk(X,Q) ⊂ F˜ pHk(X,Q).
The generalized Hodge Conjecture can be stated as follows (denote by GHC(p, k,X)):
NpHk(X,Q) = F˜ pHk(X,Q).
Corollary 4.2 The Hodge Conjecture for Y 4 holds. The generalized Hodge Conjecture for
GHC(1, 4, Y 4) holds. More generally, the generalized Hodge Conjecture GHC(1, 2m, Y 2m)
for Y 2m holds.
Proof. The first statement follows from Theorem 2.1 and Theorem 1 in [BS]. Similar
method can be used to prove GHC(1, 4, Y 4) and more general statement GHC(1, 2m, Y 2m).
By Theorem 2.1, Ch0(Y
2m) ∼= Z, we have GHC(1, 2m, Y 2m) by Corollary 15.23 in [Le] or
Proposition 5.5 in [Vo]. ✷
Remark 4.3 GHC(1, 4, Y 4) is the only non-trivial part of the generalized Hodge Con-
jecture for Y 4. The Hodge Conjecture for 2-cycles and codimension 2 cycles on Y 2m
holds, i.e., both Hodge2m−2,2m−2(Y 2m) and Hodge2,2(Y 2m) hold for all positive integer m.
However, both Hodge2m−2,2m−2(Y 2m) and Hodge2,2(Y 2m) are trivial if m > 2 since both
H4(Y 2m) and H4m−4(Y 2m) are isomorphic to Z.
Recall that the Lawson homology LpHk(X) of p-cycles is defined by
LpHk(X) := πk−2p(Zp(X)) for k ≥ 2p ≥ 0,
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where Zp(X) is provided with a natural topology (cf. [Fr], [L1] and [L2]). For general
background on Lawson homology, the reader is referred to [L2]. There are natural maps,
called cycle class maps Φp,k : LpHk(X)→ Hk(X).
Define
LpHk(X)hom := ker{Φp,k : LpHk(X)→ Hk(X)};
LpHk(X,Q)hom := LpHk(X)hom ⊗Q;
TpHk(X) := Image{Φp,k : LpHk(X)→ Hk(X)};
TpHk(X,Q) := TpHk(X)⊗Q.
The Griffiths group of p-cycles is defined to
Griffp(X) := Chp(X)hom/Chp(X)alg,
where Chp(X)alg denotes the space of cycles in Chp(X) which are algebraically equivalent
to zero. Set Griffp(X) := GriffdimX−p(X). It was shown in [Fr] that LpH2p(X)hom ∼=
Griffp(X) for any projective variety.
Corollary 4.4 For every positive integer m, we have LpHk(Y
2m,Q)hom = 0 for p ≤ 1,
p ≥ 2m− 2 and k ≥ 2p. In particular, Griff1(Y
2m)⊗Q = 0 and Griff2(Y 2m) = 0.
Proof. Recall that a theorem of Peters [Pe] says that if Ch0(Y ) ⊗ Q ∼= Q for a smooth
projective variety Y , then LpH∗(Y )hom = 0 for p ≤ 1 and all ∗. Hence the p ≤ 1 part fol-
lows from Theorem 2.1 and Peters’ result. It was observed, independently by M. Voineagu
[Vo] and the author [H], that Peters’ method could be used to show LpH∗(Y )hom = 0 for
p ≥ dim(Y ) − 2 and all ∗ under the same assumption. So the p ≥ 2m − 2 part fol-
lows from Theorem 2.1 and the observation. In particular, Griff1(Y
2m) ⊗ Q = 0 and
Griff2(Y 2m) ⊗ Q = 0. Since Griff2(Y n) has no torsion [BS], therefore Griff2(Y 2m) = 0,
i.e., homological equivalence and algebraic equivalence coincide for codimension-2 cycles
on Y 2m. The completes the proof of Corollary 4.4.
✷
As applications of Theorem 2.2, we have similar results for Y˜ 2m−1 as those in Corollary
4.1,4.2 and 4.4.
Corollary 4.5 Chp(Y˜ 2m−1) is weakly representable for p ≤ 2.
Corollary 4.6 The Generalized Hodge Conjecture for GHC(1, 3, Y˜ 3) holds. More gener-
ally, the Generalized Hodge Conjecture GHC(1, 2m− 1, Y˜ 2m−1) for Y 2m holds.
Corollary 4.7 For every integer m ≥ 2, we have LpHk(Y˜ 2m−1,Q)hom = 0 for p ≤ 1,
p ≥ 2m− 3 and k ≥ 2p. In particular, Griff1(Y˜ 2m−1)⊗Q = 0 and Griff
2(Y˜ 2m−1) = 0.
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Recall that for V ⊂ U a Zariski open subset of a quasi-projective variety U , we have
the long exact sequence for Lawson homology, i.e.,
· · · → LpHk(Z)→ LpHk(U)→ LpHk(V )→ LpHk−1(Z)→ · · · (6)
where Z = U − V (cf. [LF]).
By Corollary 4.7 and Equation (6), we get
Corollary 4.8 For every integer m ≥ 2, we have LpHk(Y
2m−1,Q)hom = 0 for p ≤ 1,
p ≥ 2m− 3 and k ≥ 2p.
Proof. Since Y 2m−1 is a singular variety, the Bloch-Srinivas method on decomposi-
tions of the diagonal does not work for Y 2m−1. So we try to compute LpHk(Y
2m−1,Q)hom
by the localization sequences for Lawson homology.
Set V := Y˜ 2m−1 − E and E = ∪2
2m
i=1Ei. Then V
∼= Y 2m−1 − ∪2
2m
i=1 pi, where pi, i =
1, · · · , 22m are singular points of Y 2m−1 and Ei, i = 1, · · · , 2
2m are the corresponding
exceptional divisors. By using Equation (6) to the U ⊂ Y 2m−1, we get L1Hk(U) ∼=
L1Hk(Y
2m−1) and so L1Hk(U)hom ∼= L1Hk(Y
2m−1)hom.
From the following commutative diagram (cf. [LF2], Prop. 4.9)
L1Hk(E) //
∼=

L1Hk(Y˜ 2m−1)
//
Φ1,k

L1Hk(U) //
Ψ1,k

L1Hk−1(E) //
∼=

L1Hk(Y˜ 2m−1)
Φ1,k−1

Hk(E) // Hk(Y˜ 2m−1)
// H
BM
k
(U) // Hk−1(E) // Hk(Y˜ 2m−1)
where HBMk (U) is the Borel-Moore homology of U , and the injectivity of Φ1,k ⊗ Q (i.e.,
L1Hk(Y˜ 2m−1,Q)hom = 0 by Corollary 4.7), we get the injectivity of Ψ1,k ⊗Q by the Five
Lemma. ✷
5 Low dimensional examples
For a smooth complex projective variety, we set hi,j(X) := dimCH
i,j(X).
The case n = 1 is trivial. In this case Y 1 ∼= P1. In the case n = 2, all Y 2 are Enrique
surfaces. It was proved in [BKL] that all Enrique surfaces S satisfy Ch0(S) ∼= Z.
The next case is n = 3. In this case, X3 (for simplicity denote by X in this paragraph)
is the complete intersection of 4 quadric hypersurfaces in P7. By the adjunction formula,
the canonical bundle KX of X is trivial and so H
3,0(X) ∼= C and h3,0(X) = 1. The
Euler class χ(X) of X is the top Chern class of X (Gauss-Bonnet Theorem). Let h be
the hyperplane class of X . The total Chern class c(X) := 1 + c1(X) + c2(X) + c3(X) =
(1 + h)8(1 + 2h)−4|X and so c3(X) = −8h
3 = −128 since h3|X = deg(X) = 16. Hence
χ(X) = −128. This together with Lefschetz hyperplane theorem implies b3(X) = 132. By
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the Hodge decomposition of H3(X,C), we get h3,0(X)+h2,1(X)+h1,2(X)+h0,3(X) = 132.
So h2,1(X) = h1,2(X) = 65.
Since π : X3 → Y 3 is an involution with 16 isolated fixed point, we have χ(X3)−16 =
2(χ(Y 3)−16) and so χ(Y 3) = −56. Note that Y˜ 3 → Y 3 is the resolution of singularity with
exceptional divisor E = ∪16i=1Ei, where Ei
∼= P2 since it is the exceptional divisor of the
resolution of singularity on C3/Z2 (cf. Remark 3.9). So χ(Y˜ 3)− 16χ(P2) = χ(Y 3)− 16,
i.e., χ(Y˜ 3) = −24. Since b2(Y
3) = 1, we get b2(Y˜ 3) = 17. Hence b1(Y˜ 3) = 0, we get
b3(Y˜ 3) = 60. We get h
1,2(Y˜ 3) = h2,1(Y˜ 3) = 30 since h3,0(Y˜ 3) = 0.
Recall that Suslin’s Conjecture on Lawson homology states that: For any abelian
group A and smooth quasi-projective variety X of dimension n, the map LpHk(X,A) →
HBMk (X,A) is an isomorphism for k ≥ n + p and a monomorphism for k = n + p − 1.
Here HBMk (X,A) means Borel-Moore homology with coefficient in A.
By the above computation, Theorem 2.2 and the Proposition 5.1 in [Vo], we have
Corollary 5.1 For Y˜ 3 above, we have the following statements:
1. L1H2(Y˜ 3) ∼= H2(Y˜ 3) ∼= Z17.
2. L1H3(Y˜ 3) ∼= H3(Y˜ 3) ∼= Z60.
3. L2H4(Y˜ 3) ∼= L1H4(Y˜ 3) ∼= H4(Y˜ 3) ∼= Z17.
4. L3H6(Y˜ 3) ∼= L2H6(Y˜ 3) ∼= L1H6(Y˜ 3) ∼= H6(Y˜ 3) ∼= Z.
5. All other LpH∗(Y˜ 3) (p ≥ 1) are trivial.
In particular, Suslin’s Conjecture for Y˜ 3 holds.
Next case is n = 4. In this case, it can be calculated that h4,0(X4) = 1, h3,1(X4) =
h1,3(X4) = 151 and h2,2(X4) = 652 since X4 is a complete intersection. Since h4,0(Y 4) =
0, we get h3,1(Y 4) = h1,3(Y 4) = 75 and h2,2(Y 4) = 326 by Riemann-Roch-Hirzebruch
theorem for orbit spaces (cf. [AS], 4.7), Since h3,1(Y 4) 6= 0, Ch1(Y
4) is not weakly
representable. In particular, Ch1(Y
4)hom ⊗ Q is nontrivial. From this and the proof of
Theorem 2.1, we obtain the Chow group of 1-cycles forX4/〈τi〉 is not weakly representable,
although X4/〈τi〉 is a rationally connected variety for each i = 0, 1, · · · , n.
In this case we can say a little more about Lawson homology of Y 4. By By the above
computation, Theorem 2.1 and the Proposition 5.3 in [Vo], we have the following result.
Corollary 5.2 For Y 4 above, we have the following statements
1. L1H2(Y
4)Q∼=H2(Y
4)Q ∼= Q.
2. L2H4(Y
4) →֒ L1H4(Y
4) ∼= H4(Y
4) ∼= Z476.
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3. L3H6(Y
4) ∼= L2H6(Y
4) ∼= L1H6(Y
4) ∼= H6(Y
4) ∼= Z.
4. L4H8(Y
4) ∼= L3H8(Y
4) ∼= L2H8(Y
4) ∼= L1H8(Y
4) ∼= H8(Y
4) ∼= Z.
5. All other LpH∗(Y
4) (p ≥ 1) are trivial.
In particular, Suslin’s Conjecture for Y 4 holds.
Remark 5.3 One can show that H1,n−1(Y 2m,Q) is nontrivial for all n = 2m ≥ 4. There-
fore Ch1(Y
2m)hom ⊗Q 6= 0 and Theorem 2.1 is the best result we could obtain. Similarly,
One can show that H1,n−1(Y 2m−1,Q) is nontrivial for all n = 2m − 1 ≥ 3 and Theorem
2.2 is the best result.
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